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Prediction of Lobed Mixer Vortical Structures
with a k–² Turbulence Model

Hayder Salman,¤ Gary J. Page,† and James J. McGuirk‡

Loughborough University, Loughborough, England LE11 3TU, United Kingdom

Numerical simulations of an incompressible planar shear layer and a lobed mixer � ow� eld are presented and
validated against the detailed experimental measurements of McCormick and Bennett (McCormick, D. C., and
Bennett, J. C., Jr., “Vortical and Turbulent Structure of a Lobed Mixer Free Shear Layer,” AIAA Journal, Vol. 32,
No. 9, 1994, pp. 1852–1859). The study focused on quantifying the predictability of these � ows using the standard
k–² turbulence model. Simulations for the planar shear layer showed that, whereas the self-similar behavior can
be captured by the model, the measured near-� eld development of the shear layer could not be reproduced in the
simulations. Inconsistencies between simulations and experiments arise as a result of the Kelvin–Helmholtz insta-
bility that is not captured in the simulations.Predictions for the lobed mixer shear layer revealed a lag of 1:75 lobe
heights in the shear-layer development with respect to the measured data. Global parameters such as momentum
thickness and streamwise circulation generally showed an underprediction of 20% and an overprediction of 65%
with respect to measured values, respectively. Good prediction of the primary Reynolds shear stresses that control
the variation of the momentum thickness was obtained. An analysis for the equation of the streamwise component
of vorticity revealed that the importantcontribution to the streamwise circulation decay rate is the secondary shear
stress and the normal stress anisotropy. Neither is well predicted by the k–² model, leading to poorer predictions
of the streamwise circulation decay rate.

Introduction

W HEN two co� owing streams separatedby a splitterplatewith
different velocities interact, a mixing layer is formed. Mix-

ing layers are one example of a class of � ows where mixing and
transport is an intrinsic part of the problem. An extensive amount
of work can therefore be found in the literature on this type of � ow
(e.g.,Ho and Huerre1). Mixing layers are a common featureof lobed
mixer � ows that are often found in gas turbine engines.Lobed mix-
ers essentially consist of a splitter plate with a corrugated trailing
edge. The purpose of these devices is to mix the bypass and core
� ows together in the shortest possible distancewith minimum pres-
sure losses,2 thereby reducing jet noise. Studies by Bevilaqua3 and
Paterson4 have revealed that lobed mixers achieve rapid mixing of
the two streams by producing a spanwise array of large-scale vor-
tical structures downstream of the mixer. This arises in response to
the radial de� ections the � ow experiencesas it passesover the mixer
surface. The resulting � ow is a highly complex three-dimensional
convoluted shear layer.

There is a great deal of interest in simulating lobed mixer � ows.
One impetus for doing so is that designing an optimum mixer on
experimental evidence alone is expensive and nontrivial because of
the wide range of mixer parameters that can be varied. By exploit-
ing computational approaches, some of these costs can be reduced.
Computational studies of lobed mixers to date have employed a
hierarchy of numerical methods. These range from reduced-order
point vortex models, as in Strickland et al.,5 to the solution of
the Reynolds-averaged form of the Navier–Stokes equations as in
Koutmos and McGuirk.6 The Reynolds-averaged equations intro-
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duce additional unknowns, and to close the system approximations
in the form of turbulencemodels are used.The most commonlyused
turbulencemodel for lobed mixer simulationshas been the standard
lineark–² model of Launder and Spalding.7 However, there appears
to be little justi� cation in the literature for the use of the k–² model
as suf� cient for capturing the mixing in lobed mixer � ows. The � rst
simulation of the � ow around a lobed mixer geometry employing
this model was performed by Koutmos and McGuirk.6 Following
this, a number of papers have appeared that employ the same tur-
bulence model, including the work of Malecki and Lord,8 Abolfadl
and Sehra,9 Tsui and Wu,10 and O’Sullivanet al.11 Of these, only the
studies of Tsui and Wu and of Koutmos and McGuirk appear to con-
tain thorough validations of the computations against experimental
data. The work of Tsui and Wu did not, however, resolve the � ow
through the mixer. The results within the mixing duct were there-
fore strongly dependent on the accuracy of the measurements at the
mixer’s trailingedge,which were used to provide the inlet boundary
conditions in the computations. The computations of Koutmos and
McGuirk thereforeappear to be the bestavailablevalidationstudyof
the k–² turbulencemodel for this � ow. The use of coarse cylindrical
grids in their calculations,however, raises uncertaintieswith regard
to the numerical accuracy both within the mixing duct and over the
mixer surfaces. Adding to this the lack of comparisons made for
global parameters such as the momentum thickness or streamwise
circulation,which are important in quantifying the level of mixing;
their study cannot be regarded as completely conclusive.

In response to these concerns, Salman et al.12 attempted a vali-
dation study using the lobed mixer of Yu and Yip.13 The mixer was
purposefullychosenbecauseof the high resolutionof measurements
taken of the mean and turbulent � ow� eld of the mixer. The work
adoptedtwo independentmathematicalmodels.The � rst constituted
the Reynolds-averaged form of the Navier–Stokes equations with
the standard k–² model. The second was an inviscid point vortex
model to study the stability of the vortex array produced by the Yu
and Yip mixer con� guration. This study revealed that strong side-
wall effects were present causing lateral movements and distortions
of the vortices. Consequently, this raised dif� culties in choosing a
well-de� ned region for integrating the vorticity, and thus it was not
possibleto quantifythe decay rate of the vortexstrength.In addition,
noclearconclusionscouldbemadewith regardto theaccuracyof the
predicted turbulent � eld. To circumvent these dif� culties, an alter-
native mixer is studiedhere and correspondsto the symmetric mixer
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con� guration studied experimentallyby McCormick and Bennett14

(see also McCormick15 for more details).An important criterionset
by Salman et al.12 is that the lobed mixer array should meet the
tunnel side walls at lobe peaks or troughs to reduce the end-wall
effects on the evolving streamwise vortical structures. The mixer
of McCormick passes this criteria and is therefore chosen for the
present study.

The aim of the work conducted here is to assess and quantify the
applicabilityof the k–² turbulencemodel to lobedmixer � ows and to
identify the key processes that must be captured for accurate simu-
lation of such � ows. A complete evaluationof the turbulencemodel
can only be obtained if variations in the velocity ratio and Reynolds
number are included. Both Eckerle et al.16 and Yu et al.17 have ex-
perimentallyobservedthat variationsin the velocityratio can signif-
icantly affect the mixing downstream of the lobed mixer. Detailed
validationsthat include these effects can be used to show clearly the
in� uence of the normal and streamwise vorticity on the � ow. How-
ever, in thiswork we will focuson themixerofMcCormickand Ben-
nett, which did not include variations in the aforementioned para-
meters. The aim in this work is therefore aimed at identifying the
performanceof the model under their particular � ow conditions.To
evaluate the model, two key objectives are addressed in this study.
First, a detailed quantitative validation study is carried out to es-
tablish the level of agreement between predictionsand experiments
for lobed mixer � ows. Although such detailed comparisons reveal
the merits and pitfalls of the Reynolds-averagedk–² model solution
approach, it does not explain the cause of the discrepancies seen in
the results. A second objective of this work is to identify the key
processes driving this � ow. This is achieved through an analysis of
the governing � ow equations to highlight speci� c features of the
turbulence model that require improvement.

The paper begins with a description of the mathematical model.
This is followed by a description of the mixer con� guration of
McCormick together with the discretization of the computational
domain. Results are then presented for a benchmark planar shear
layer also studied in McCormick’s experiments. The lobed mixer
results are then presented with a survey of mean � ow quantities.
The in� uence of the turbulentReynolds stresseson the mean � ow is
discussed by referring back to the equations governing streamwise
velocity and streamwise vorticity. Conclusions and recommenda-
tions for future work are given at the end of the paper.

Mathematical Model
The numerical approach is based on the solutionof the full three-

dimensional form of the Navier–Stokes equations in steady-state
Reynolds-averaged form for constant density � ows. These can be
written using Cartesian tensor notation as
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The Reynolds stresses .½u 0
i u

0
j / in the precedingequations,which

appear as a result of the Reynolds averaging, have been modeled
using the standard high-Reynolds-numberk–² turbulencemodel of
Launder and Spalding.7

The systemofEqs. (1) and (2), togetherwith the turbulencemodel
equations, comprise a closed set of equations. Solutions are ob-
tained using a � nite volume discretization. The formulation com-
prised a linearized implicit scheme using a base � rst-order upwind
differencing,with second-ordertotal-variation-diminishing-limited
MUSCL-type differencing introduced as a deferred correction for
the momentum and the turbulence model equations. The solution
algorithm employed was based on the standard SIMPLE pressure–
correction algorithm adapted to curvilinear multiblock structured
grids using a collocated grid arrangement. For more details on the
methodology, the reader is referred to Page et al.18

Mixer Con� guration
Details of the mixer con� guration studied are presented in Fig. 1.

The important parameters that de� ne a lobed mixer are the lobe
wavelength ¸, the lobe height H , and the lobe inclination angle ®.
A schematic is also presented to clarify the region where the lobes
intersect the upstream � at plate. The wind-tunnelcross section used
by McCormick and Bennett was 408 mm wide by 400 mm high.

Using this mixer de� nition, a grid was generated representing a
computational domain for one half-lobe (de� ned from a lobe peak
to a lobe trough) based on the assumption of symmetrical repe-
tition of � ow properties across the mixer. The computational do-
main extended 5.3 lobe wavelengths upstream and 44 wavelengths
downstreamof the mixer trailingedge. The grid generatedconsisted
of 700,000 grid cells. This grid size was chosen following a grid-
re� nement study using another similar lobed mixer geometry as
discussed in Salman.19

Figure 2 shows the mesh produced for the half-lobe geometry
studied here. The mesh used in this study consisted of a seven-
block multiblock structured grid allowing � exibility in controlling
thegridquality.This is clearlydemonstratedwith thegridsgenerated
that maximize grid orthogonality within the mixing duct, whereas
farther upstream, where the � ow is less complex, grid orthogonal-
ity is sacri� ced. This allows grids with minimized skewness to be
generated in regions where the complex vortex structures formed, a
feature often found dif� cult to achieve by other investigators (e.g.,
Rollin et al.20). The approach can reduce numerical diffusion quite
signi� cantly in the important shear-layer regions of the � ow.

In this study comparisons with only the turbulent data of
McCormick and Bennettare presented.The boundaryconditionsfor
the computationswere therefore based on the test conditions of the
turbulent � ow used by McCormick and Bennett with the high- and
low-speed streams set at velocities of 8.53 and 4.88 ms¡1, respec-
tively. These conditions correspond to a velocity ratio (low-speed

Fig. 1 De� nition of mixer con� guration investigated.
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Table 1 Turbulent boundary-layer properties at x = 0.0254 m
upstream of the plate’s trailing edge: low-speed � ow

Properties U1 , m/s ±¤ , ma µ , mb H D ±¤=µ c Reµ
d

Experiments 4.88 0.00188 0.00124 1.524 392
Predictions 4.88 0.00172 0.00107 1.607 378

a±¤ D displacement thickness.
bµ D momentum thickness.
c H D shape factor.
dReµ D boundary-layer Reynolds number.

Table 2 Turbulent boundary-layer properties at x = 0.0254 m
upstream of the plate’s trailing edge: high-speed � ow

Properties U1 , m/s ±¤ , ma µ , mb H D ±¤=µ c Reµ
d

Experiments 8.53 0.00159 0.00111 1.438 617
Predictions 8.53 0.00169 0.00114 1.484 653

a±¤ D displacement thickness.
bµ D momentum thickness.
c H D shape factor.
dReµ D boundary-layer Reynolds number.

Fig. 2 Multiblock structured grid used in computations.

stream/high-speedstream) of 0:57 and an average freestreamveloc-
ity Ur of 6.71 ms¡1. Freestream turbulence intensity levels of 2%
were assumed.These values were thereforeused to represent the in-
let boundaryconditionsin the computational-�uid-dynamics(CFD)
calculations.The valueof the turbulentdissipationrate ² at inlet was
calculatedusing a length scale basedon half the wind-tunnelheight.
Constant pro� les were assumed for mean and turbulent quantities
in both streams. Tunnel walls were modeled as slip walls as this
does not require the boundary layer to be resolved, thus reducing
the mesh size.

Results and Discussion
Planar Shear Layer

The planar shear layer is ideal for benchmarking the k–² turbu-
lencemodel as it forms one of the basic � ows used in its calibration.
Any de� ciencies found in the model for this simple � ow can be sep-
arated at this early stage from any other physical processes that the
model might not be able to capture in the complex convolutedshear
layers of lobed mixers. Therefore, this simpli� ed problem serves
as a good starting point in the investigation of turbulence models
for convolutedshear layers. In calibrating the k–² turbulencemodel
interest is often given to achieving the correct self-similar behavior
in the far � eld. For lobed mixer � ows, however, the shear-layer de-
velopment in the near � eld is of more interest. To allow results of
the planar shear layer to be related to later discussions of the lobed
mixer � ow� eld, attention in this section is also given to the initial
stages of the shear-layer formation.

To ensure that the correct inlet conditions were being simu-
lated, the predicted incoming boundary layers for both low- and
high-speed streams were compared with measurements made by
McCormick at 0.0254 m upstream of the plate’s trailing edge.
Tables 1 and 2 provide a comparison of boundary-layerparameters
at this location.The tablesreveal that,overall,goodagreementexists
between the measurements and predictions. Such good agreement

a) Momentum thickness

b) Wake-averaged turbulent kinetic energy

c) Primary shear stress (u0v0/¢u2)

Fig. 3 Planar shear-layer properties.

justi� es comparisons to be carried out with McCormick’s measure-
ments of this particular shear layer.

Figure 3a shows the variation of the momentum thickness with
downstream distance evaluated from experimental measurements
and numerical predictions. The momentum thickness is de� ned as
an integral over an area that encompasses a region with a spanwise
dimension of 0:5¸ (i.e., equivalent to a distance spanning a lobe
trough to a lobe peak) and a height of 11¸ and is given by

µ D 2

¸

Z 0:5¸

0

Z 5:5¸

¡5:5¸

.u ¡ u low/.uhigh ¡ u/

.uhigh ¡ u low/2
dy dz (4)

The inner integral in Eq. (4) is evaluatedover shear-layer regions
in the interval ¡5:5¸ · y · 5:5¸ where the streamwise component
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of velocity lies within the bounds1:01ulow · u · 0:99uhigh. The � g-
ure indicatesthat themomentumthicknessis overpredictedinitially.
Farther downstream,the momentumthicknessadoptsa lineardevel-
opment with a spreading rate slightly lower than that given by mea-
surements.This slightunderpredictionin themixing-layerspreading
rate is a well-documentedfeature of the k–² turbulencemodel (e.g.,
Wilcox21). The mechanism responsible for the large discrepancies
in the initial stages of the shear-layer formation also has a large ef-
fect on the wake-averaged turbulent kinetic energy. This is de� ned
by

kwake D 2

¸±

Z 0:5¸

0

Z 5:5¸

¡5:5¸

k.y; z/ dy dz (5)

As with the de� nitionof the momentum thickness,the inner integral
in Eq. (5) is evaluated only where the streamwise component of ve-
locitylieswithin the bounds1:01u low · u · 0:99uhigh . These bounds
on the velocity are also used to de� ne the upper (yupper) and lower
(ylower) edges of the shear layer. The shear-layer thickness is then
givenby ± D jylower ¡yupperj. Results for the wake-averagedturbulent
kinetic energyare shown in Fig. 3b. The turbulentkineticenergy has
been nondimensionalized with respect to the square of the veloc-
ity difference between the two streams [i.e., 1u D .uhigh ¡ ulow/2].
A striking result is the very large difference in the predicted and
measured turbulencelevels in the formation stage of the shear layer.
This is consistentwith the poor comparison illustratedwith the mo-
mentum thickness in the early stages. Pro� les of the primary shear
stress u0v 0 are shown in Fig. 3c. The primary shear stress is plotted
against the similarity parameter ´ given by

´ D 2.y ¡ yave/=± (6)

where yave is thepositionof thecenterof the shear layerde� nedat the
point where u D .u low C uhigh/=2. The results reveal that, although
the turbulent kinetic energy has been underpredicted by the k–²
model, the shear stress that controls the shear-layer spreading is
well predicted in the far � eld.

Experimental studies by Bell and Mehta,22 Dziomba and
Fiedler,23 and Mehta et al.24 indicate that planar mixing layers are
extremely sensitiveto initial conditionsin the developmentstagesof
the layer.Dependingon the detailsof the incomingboundarylayers,
the measured stresses attained very different levels in the early part
of the shear-layer evolution. In the study of Dziomba and Fiedler,23

the energy spectrum was also measured for a planar shear layer
with laminar boundary layers over the splitter plate. This revealed
a very large and distinctive peak at a frequency corresponding to
the Kelvin–Helmholtz instability. Because the Reynolds-averaged
simulation does not capture this instability, it appears that the dis-
crepancies appearing at the beginning of the shear-layer formation
can be attributed to the inability to resolve this unsteady component
of the � ow.

To conclude this discussion, the Reynolds-averaged solution
method with a k–² turbulence model is well calibrated to repro-
duce the self-similar behavior of a planar shear layer in the far � eld
after the Kelvin–Helmholtz instability has subsided. Inconsisten-
cies appear between predictionsand measurements, however, when
comparisons are made in the initial stages of the shear-layer devel-
opment particularlywhen the boundary layers over the splitter plate
are not fully turbulent. Studies conducted on planar shear layers by
other researchershave shown the shear layer to be susceptibleto in-
stabilities.Such instabilitiescannot be captured with the Reynolds-
averagedmethodologyemployed in this work. In lobed mixer � ows
interestis usuallyfocusedon the near � eldbecausehighmixing is re-
quiredwithin the shortestduct lengthpossible.The issuesassociated
with the near-� eld modeling of the planar shear layer can therefore
have important implications in simulating the lobed mixer � ow.

Lobed Mixer Shear Layer
As a � rst step, a qualitative analysis of the numerical solution is

made to ensure that the main � ow features have been reproduced
by the computations. Results in the form of streamlines and vortex
tubes are shown in Fig. 4. The streamwise vorticity gives rise to the
axially oriented vortex structure that is clearly captured in the cur-
rent computations as inferred from the streamlines of Fig. 4a. The

a) Streamlines

b) Vortex tubes

c) Vortex tubes (side view)

Fig. 4 Convoluted shear-layer/vortex interaction.

vorticity tubes shown in Fig. 4b clearly illustrate the convolutedna-
ture of the shear layer. Farther downstream, the vortex tubes appear
incomplete. This is a result of the propagationof the vortex tubes to
the “symmetry”plane.Adjacentportionsof the shear layerproduced
from adjacenthalf-lobesconsequentlyinteractat this point.This in-
teraction of two adjacent portions of the shear layer is known as
the “pinching-off”effect and was observed in McCormick’s exper-
iments. At the location where the pinching off occurs, McCormick
and Bennett also observed that a sudden increase in turbulence ki-
netic energy arises, causingenhanced turbulentmixing downstream
of this point. Figure 4c reveals that the vortex tubes are inclined at
an angle perpendicular to the � ow emanating from the high-speed
stream.This is consistentwith the � ow visualizationsofMcCormick
and Bennett and demonstrates that the mean vorticity � eld within
the shear layer is correctly predicted.

Following the � ndings of the planar shear-layer results, focus
in the comparisons to be presented here will be on the near-� eld
region. Farther downstream, the shear layer is seen to reach an es-
sentiallyfully mixed-outstate where � ow gradientsare signi� cantly
reduced. It is the near-� eld region that determines how quickly this
fully mixed-out region is reached, and consequentlya clear knowl-
edge of this part of the � ow is sought. The experimental data used
in the comparisonsgiven next have been derived by averagingmea-
surements made over the six half-lobe wavelengths covered in the
measurement domain of McCormick (see Fig. 1). This provides an
appropriatedata set for use with the Reynolds-averagedsimulations.
(For easier understanding a full-lobe wavelength representation is
used in the � gures by re� ecting the half-lobe data.)

Figure 5 presents comparisons of streamwise velocity con-
tours between predictions and the averaged experimental data. At
x=H D 1:75 the initial impression is a rather more diffused � eld
in the experimental data. The rotation of the shear layer is seen
to develop slower in the predictions. This is very clear from the
distribution of the contours near the low-speed trough � ow that are
alreadypinching-offin the experimentaldatabuthavenotquite done
so at this position in the predictions.The “kinks” in the shear-layer
structure created by the two streamwise vortices that form initially
at the mixer’s trailing edge (see the following) are also sharper in
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(i) x/H = 1.75 (iii)x/H = 4.5(ii) x/H = 3.0 (iv) x/H = 6.0
(a) Computation

u/D u: 1.146 1.329 1.513 1.696 1.879 2.062

(ii) x/H = 3.0(i) x/H = 1.75 (iv) x/H = 6.0(iii) x/H = 4.5

(b) Experiment

Fig. 5 Normalized streamwise velocity: a) k–² model predictions and b) experimental measurements.

(i) x/H = 1.75 (ii) x/H = 4.5

(a) Computation

(ii) x/H = 4.5(i) x/H = 1.75

(b) Experiment
Vs/Ur 0.5

w
xH/Ur: -3.5 -3 -2.5 -2 -1.5 -1 -0.5

Fig. 6 Normalized streamwise vorticity contours and secondary velocity vectors: a) k–² model predictions and b) experimental measurements.

the experiments than the predicted� eld. Another interestingfeature
of the predictions is the higher protrusion of the plume drawing the
high-speed � ow past the lobe peak. This leads to a more curved
shear-layer structure near the lobe peak. Experiments show a more
� attened shear-layer structure with the high-speed � ow remaining
well below the lobe peak. At x=H D 3:0 the shear-layer pinching
off has occurred in the predictions.The effects seen at the preceding
location are also re� ected in the contour distributions here, which
show a more elongated predicted shear-layer structure and a less
diffused shear layer. By x=H D 4:5 the mixing layer in the experi-
ments has engulfeda large portionof the � ow domain. The con� ned

high-speed � ow near the lobe peak seen at the last location is no
longerpresent,indicatinga more uniformlymixed-outregion.How-
ever, the effect of the pinching-off of what subsequently becomes
a double-layered shear layer remains evident even at this location.
This is smoothed out farther downstreamat x=H D 6:0. Predictions
at x=H D 4:5 still contain the region of high-speed � ow near the
lobe peak. Only at x=H D 6:0 is this seen to mix out. The results
presented therefore indicate that the predicted shear-layerevolution
seems to be 1:5H behind that seen in the experiments.

Further evidence of this behavior can be drawn from the stream-
wise vorticity � eld and secondaryvelocity vectors shown in Fig. 6.
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At x=H D 1:75 clear evidence is present in the predictions of the
streamwise vortices that form at the mixer’s trailing edge. Bohl and
Foss25 suggested that the the creation of streamwise vorticity can
be attributed to two separate mechanisms. The � rst mechanism is
associated with the reorientation of the upstream boundary-layer
vorticity. The second is caused by the spanwise pressure gradients
that are establishedupstreamof the lobedmixer penetrationregions.
It is believed that the streamwise vorticity observed in Fig. 6 is pro-
duced by this second mechanism. The � rst would produce vorticity
in the opposite sense from that presented in the � gure and is related
to the horseshoe vortex system that is sometimes observed in lobed
mixers.4 The results presented here suggest that the contributionof
the � rst mechanism appears to be negligible. After the boundary
layers separate from the mixer surface, a vorticity � eld is produced
that is mainly concentrated along the vertical portion of the mixer’s
trailing edge. The slight misalignmentbetween the streamwise vor-
ticity contours and the vertical mixer side wall is brought about by
the rotation of the vorticity by its self-induced secondary velocity.
At the same location the experimental data do not provide any in-
dication of the two vortices seen in the predictions. Furthermore,
the vorticity � eld seems to be weaker and more diffused. This is in
line with the observation just made that experimental data indicate
a faster development of the shear layer than the predictions show.

A quantitative measure of the streamwise velocity and stream-
wise vorticity� elds is givenby the axialdevelopmentof momentum
thickness and streamwise circulation. The momentum thickness is
de� ned as in Eq. (4). The de� nition for the streamwise circulation
is given by either a contour integral of the velocity component tan-
gential to the contour line or an area integral of the streamwise
component of vorticity such that

0x D
I

C

v ¢ ds D
Z

A

Z
! ¢ dA (7)

The streamwise circulation is evaluated around an integration path
denoted by curve C that encompasses one half-lobe and extends
from the bottom to the top wind-tunnel walls. These two quantities
are shown in Figs. 7a and 7b in nondimensional form. The exper-
imental values evaluated from the eight downstream stations used
by McCormick are included.

For the momentum thickness the baseline planar mixing layer
results have also been added. The variation of momentum thick-
ness is considered � rst. The predicted momentum thickness cap-
tures the general trend re� ected in the measured data. Initially, the
momentum thickness in the lobed mixer � ow shows a very rapid
rise and a mixing rate higher than measured in the case of the planar
shear layer. By x=H D 6:0 a gradual decrease follows such that by
x=H D 12:0 the rate of mixing has dropped below the spreading
rate of the baseline � at plate. The momentum thickness is under-
predictedat x=H D 1:75 by around 20%. This is consistentwith the
higher level of spreading seen in the streamwise velocity contours
of the measured data. In the far � eld the mixing rate does not fall as
rapidly as the predictions imply and is consistentwith the results of
the planar shear layer.

The decay of the streamwise circulation is given in Fig. 7b. The
streamwise circulationhas been nondimensionalizedusing the sim-
ple inviscid theory of Skebe et al.26 This states that at a mixer’s
trailing edge the streamwise circulation is given by

0 D ClUr H tan.®/=2 (8)

Using Skebe’s model, McCormick15 showed that a value of Cl D 4
is obtained for the mixer con� guration used in this study. At the
mixer trailing edge the predicted circulation agrees quite well with
the inviscid theory of Skebe. The circulationthen undergoesa slight
increasein the predictions.Farther downstream,the measuredcircu-
lation is seen to decay more rapidly than the predictions.This again
proves to be consistentwith results of the streamwise vorticity � eld
presented earlier and con� rms the general impression conveyed by
the results so far that the predictions appear to lag the shear-layer
developmentobservedin the measurements.At x=H D 1:75 the cal-
culated error is 5% increasing to 65% by x=H D 4:5. The delay in

a) Momentum thickness

b) Streamwise circulation

c) Wake-averaged turbulent kinetic energy

Fig. 7 Variation of global parameters with downstream distance.

the decay of streamwise circulation is seen in the � gure to lie in the
region 0 < x=H < 1:5, which representsa slight increase in circula-
tion.The variationof the wake-averagedturbulentkineticenergy[as
de� ned in Eq. (5)] is presented in Fig. 7c. As with the planar shear
layer, a signi� cant underpredictionis observed.Based on the results
of the planar shear layer, this underpredictionis again attributed to
the shear-layer instabilities that are not simulated in the computa-
tions. However, the computations correctly predict the location at
which the maximum turbulence energy levels arise (x=H D 1:75).
Fartherdownstream,the turbulencelevelsdecreaseas the � ow mixes
out.

The momentum thickness evaluated from Eq. (4) is derived
from the streamwise velocity. An understanding of the processes
controlling the evolution of the momentum thickness requires an
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understanding of the Reynolds stresses and viscous terms in the
streamwise momentum equation. In this case the Reynolds stresses
responsible for the diffusion of streamwise momentum are u 0v0 and
u 0w0. Similarly, the streamwise circulation is evaluated from the
streamwise vorticity [see Eq. (7)]. An assessment of the Reynolds
stresses in the transport equation of streamwise vorticity is there-
fore required to understandtheir in� uence on the streamwise vortic-
ity. To do so, the Reynolds-stress gradients [appearing in Eq. (9b)]
must be evaluated. However, as remarked by Bell and Mehta,27

computing second derivatives of the Reynolds stresses from mea-
sured data introduces very large errors. Clear evidence of this can
be found in Yu and Koh.28 Their evaluations of second derivatives
of the Reynolds stresses showed results of poor quality in con-
trast to results of the actual Reynolds stresses. To circumvent such
problems in this work, a comparison is conductedon the computed
and measured Reynolds stresses rather than their gradients. Such a
comparison precludes identifying the direct impact of the Reynolds
stresses on the streamwise vorticity evolution. To identify which
terms are most important, an understandingof the equationgovern-
ing the evolutionof streamwisecirculationis conducted.To quantify
the various turbulent stress contributionsto the decay of the stream-
wise circulation, the following question is posed: “How does the
streamwise circulation vary with the motion of the � ow?” Mathe-
matically, this translates into evaluating D0x =Dt. The variation of
the streamwisecirculationis thengivenby (cf.,Batchelor29 andBohl
and Foss25)
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For consistency, the integrals in Eq. (9b) are computed over the
region enclosed by the integration path used in Eq. (7) and thus
contain the vorticity � elds presented in Fig. 6. The various con-
tributions to the decay of the streamwise circulation can now be
determined by evaluating the various terms on the right-hand side
of Eq. (9b). In derivingEq. (9b), the equation for streamwise vortic-
ity has been used. This equation is derived from the analytical form
of the momentum equations.To avoid the inherentnumerical errors
associatedwith the numericalcomputationof the secondderivatives
of the Reynoldsstresses,the streamwisevorticityequationis derived
by applying the curl operatoron the discrete form of the momentum
equations. Adopting this approach, and noting which terms in the
momentum equations lead to the terms in the streamwise vorticity
equation after the curl operator is applied, leads to an evaluationof
terms A2, A3, A4, and A5 consistent with the discretization of the
momentum equations.This approach has been used in deriving the
results to be presented next.

Figures 8a and 8b show the contributionsof the individual terms
of Eqs. 9a and 9b to the variation of the nondimensionalsubstantial
derivativeof the streamwise circulation.The .¢/¤ is used here to de-
note nondimensionalizationwith respect to the squareof the average
velocity Ur of the two streams. Figure 8a shows the variation of the
substantialderivativeof streamwisecirculationas predictedby term
A1 compared against the sum of terms A2, A3, A4, and A5. The
results clearly show that term A1 and the sum of terms A2, A3, A4,
and A5 are in balance.It is worth noting from this � gure thatnear the
trailing edge .D0x =Dt/¤ is slightly positive in agreement with the
very slight increase in the predicted streamwise circulation seen in
the results of Fig. 7b. By x=H D 1:5, .D0x =Dt/¤ changes sign and

a) Balance of terms in streamwise vorticity equation

b) Individual contributions to decay of streamwise circulation

Fig. 8 Variation of (D¡/Dt)¤ with downstream distance for k–² model.

decreases rapidly to a negative peak level by x=H D 3:0. This high
level of decay in streamwise circulationcontinues up to x=H D 5:5,
where an increase in .D0x =Dt/¤ begins, although at a rate slower
than the rapid fall captured in the early stages. At x=H D 15:0 the
variation in .D0x =Dt/¤ has more or less leveled off at a value ap-
proximately equal to zero consistent with the results presented in
Fig. 7b for the nondimensionalstreamwise circulation.

To quantify the relative importance of the turbulent stresses to
the development of the streamwise circulation, and hence vorticity
� eld, the individual terms as classi� ed in Eqs. (9a) and (9b) were
computedand are presentedin Fig. 8b. The resultsclearly reveal that
the only signi� cant term in this case is given by the secondary tur-
bulent shear stress v 0w0. The primary shear stresses and the normal
stress anisotropy have a negligible contribution to the variation of
the streamwise circulation and are comparable to the contributions
of the viscous stresses.

The analysisjustpresentedyieldsthecontributionsof thedifferent
stresses to the decay of the streamwise circulation for the predicted
� ow� eld. Such an analysis cannot be performed on the experimen-
tal data because of the large errors that would occur. A compari-
son of the predicted and measured Reynolds stresses is therefore
conducted in order to relate the trends observed in the analysis to
the experimentalmeasurements.Initially, the primary shear stresses
will be considered, and results for ¡u 0v 0 and ¡u 0w0 are shown in
Figs. 9 and 10, respectively,at two downstream locations within the
mixing duct. At x=H D 1:75 the predicted ¡u0v 0 shear-stress con-
tours exhibit peak negative values near the lobe peaks and troughs
where velocitygradientsare predominantlyalignedalong the y axis.
Two regions of positive extrema exist along the vertical side walls,
and these coincide with the two “kinks” of the shear-layer struc-
ture seen in the streamwise velocity contours.Similar features exist
in the experimental data, although extrema near the lobe peak are
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(i) x/H = 1.75 (ii) x/H = 4.5

(a) Computation

(ii) x/H = 4.5(i) x/H = 1.75

(b) Experiment

-u’v’/D u2: -2.0x10-02 -1.6x10-02 -1.1x10-02 -6.7x10-03 -2.2x10-03 2.2x10-03 6.7x10-03

Fig. 9 Normalized primary shear stress (¡¡u0v0/¢u2 ): a) k–² model predictions and b) experimental measurements.

(i) x/H = 1.75 (ii) x/H = 4.5

(a) Computation

(ii) x/H = 4.5(i) x/H = 1.75

(b) Experiment

-u’w’/ D u2: -1.7x10-02 -1.2x10-02 -7.2x10-03 -2.4x10-03 2.4x10-03 7.2x10-03 1.2x10-02 1.7x10-02

Fig. 10 Normalized primary shear stress (¡¡u0w0/¢u2 ): a) k–² model predictions and b) experimental measurements.

(i) x/H = 1.75 (ii) x/H = 4.5

(a) Computation

(ii) x/H = 4.5(i) x/H = 1.75

(b) Experiment

-v’w’/ D u2: -1.2x10-02 -8.4x10-03 -5.0x10-03 -1.7x10-03 1.7x10-03 5.0x10-03 8.4x10-03 1.2x10-02

Fig. 11 Normalized secondary shear stress (¡¡v0w0/¢u2): a) k–² model predictions and b) experimental measurements.

substantially less widespread and are lower in relation to the pre-
dictions. In the vicinity of the lobe troughs, the experimental data
show a more diffuseddistributionof shear stresses.These resultsare
consistent with the discussion of the streamwise velocity contours
just presented, and the distinctly different distribution in compari-
son with the predictionscon� rms this point. At x=H D 4:5 the more
highly stretched shear layer of the predictions is re� ected in the
positive shear-stress contours lying between the two-layered shear
layer. Comparisons of the second primary shear stress shown in
Fig. 10 illustrate essentially the same level of agreement discussed

for the ¡u 0v0 shear stress. Accordingly, it can be concluded that
the primary shear stresses are well predicted but are generally less
spread out than the experimental data.

Plots of the secondary shear stress ¡v0w0 presented in Fig. 11
reveal relatively poorer agreement between predictions and exper-
iments in comparison to the primary shear stresses, particularly in
the farther downstream region. At x=H D 1:75 the secondary shear
stress is seen to be concentratedalong the vertical mixer walls. The
experimental data reveal the contours are in a relatively lower posi-
tion, and this is indicativeof the lower vortexpositionas depictedby
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(i) x/H = 1.75 (ii) x/H = 3.0

(a) Computation

(ii) x/H = 3.0(i) x/H = 1.75

(b) Experiment

(w’2-v’2)/ D u2: -4.7x10-02 -3.4x10-02 -2.0x10-02 -6.7x10-03 6.7x10-03 2.0x10-02 3.4x10-02 4.7x10-02

Fig. 12 Nondimensionalized normal stress anisotropy (w02 ¡¡ v02/¢u2): a) k–² model predictions and b) experimental measurements.

the velocity contoursdiscussedearlier. The double-peakeddistribu-
tion seen in the experiments is also a distinct feature not present in
the simulations in which a plateau of peak shear-stress levels is pre-
dicted. Considering the faster developmentof the shear layer in the
experimentsand thehighlydistortedshear-layerstructureseen in the
streamwisevelocitycontours,it appearsthatthesedouble-peakedre-
gions arise following the pinching-offmechanismthat split the high
stress levels into two separateregions.This pinching-offmechanism
is much weaker in the simulations, a fact supported by the weaker
kinks in the shear layer, causing a modi� ed shear-stress distribu-
tion. At x=H D 3:0 the processestakingplaceupstreamlead to more
vertically elongated shear-stress contours in the experiments. Peak
shear-stress levels are additionally lower than in the predictionsand
continue to decay at a more rapid rate than the simulations predict.

It is now possible to explain why the momentum thickness can
be predicted more accurately than the streamwise circulation with
the k–² turbulence model. Although the momentum thickness is a
function of the streamwise velocity and thus depends on the pri-
mary shear stressesu 0v 0 and u0w0, the streamwise circulationdevel-
opment is strongly dependent on the secondary shear stress v0w0 as
has been indicated by the preceding analysis. A standard linear k–²
model is calibrated to providegood predictionsof the primary shear
stress u0v 0 of a planar shear layer. For a convolutedshear layer u0w0

would be expected to play a similar role to u0v 0 in the mixing of the
shear layer, and consequently a good prediction of the momentum
thickness is expected. The secondary shear stress v0w0 has no di-
rect analog in a planar shear layer, and thus predicting the decay of
streamwise circulationproves to be more dif� cult than the momen-
tum thickness.The negligiblecontributionarising from the primary
shear stresses (term A2) to the streamwise circulation can be at-
tributed to the streamwise derivative appearing in this term. In gen-
eral, the convoluted shear layers of lobed mixers will exhibit much
larger gradients in the plane perpendicularto the streamwise direc-
tion. Therefore, terms A3 and A4 can be expected to dominate term
A2. However, from the analysis just conducted the normal stress
anisotropy also has a negligible contribution. To evaluate whether
this is a feature of the � ow or an artifact of the k–² turbulence
model, a comparison of the normal stress anisotropy is presented in
Fig. 12. The turbulence model predictions reveal that a very small
degree of anisotropy is predicted by the k–² model throughout the
� ow� eld. Highest values appear to occur near the regions where
the pinched-off behavior takes place. Comparisons with measure-
ments neverthelessshow that anisotropiesin the pinched-offregions
are signi� cantly underpredicted by the k–² turbulence model. The
experiments show a very rapid fall in the levels of anisotropy be-
tween x=H D 1:75 and 4:5. It is therefore expected that the effects
of anisotropy are predominant in the early stages of the shear-layer
development.These results illustrate the poor predictionof term A3
of Eq. (9b) by this turbulencemodel for this � ow. This demonstrates
that the circulation decay rate is incorrectly predicted as a result of
the inability to correctly resolve the secondary shear stress and the
normal-stress anisotropy.

Conclusions
A detailed validation study of a k–² turbulence model prediction

for an incompressible lobed mixer � ow� eld has been presented.
The development of the predicted mean streamwise velocity and
mean streamwisevorticitywith distancedownstreamfromthe mixer
showed a lag of x=H D 1:75 with respect to measured data. The ac-
curacyof thepredictedstreamwisevelocityand streamwisevorticity
� elds were quanti� ed by evaluating the momentum thickness and
streamwise circulation respectively.The momentum thickness was
predictedwith an accuracy of 20%. The streamwise circulationwas
computed with a substantially larger error of 65%.

An analysisof the governing� ow equationsrevealed that the mo-
mentum thickness is controlled by the primary shear stresses u 0v 0

and u0w0. As illustrated in this study, the k–² turbulence model is
calibrated to provide good predictionsof the primary shear stress in
a planar shear layer. Both the u 0v0 and u0w0 stresses play a similar
role in a convoluted shear layer. These stresses are therefore well
predicted by the k–² turbulence model. In contrast, the streamwise
circulation is strongly dependenton the secondaryshear stress v0w0

and the normal stress anisotropy (w02 ¡ v02), both of which are not
well predicted by the model. Consequently, the computed momen-
tum thickness is predicted more accurately in comparison to the
streamwise circulation.

The analysis conducted in this study has shown that, despite the
dif� culties in correctlypredictingthe turbulence� eld, mean quanti-
ties and trendsof globalparametersare generally in good agreement
with measured data. The study suggests that a turbulence model
based on a higher level of Reynolds-stress closure can lead to im-
proved predictions for the decay rate of the streamwise circulation.
Preliminary explorationusing a quadraticnonlinear form of the k–²
turbulencemodel for another lobed mixer con� gurationhas already
been conducted.A more thorough validation study of the quadratic
nonlinear model for the mixer con� guration used in this study will
appear in a later publication.
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